The spatiotemporal dynamics of the coherent structures in an under-expanded supersonic impinging jet are studied using a spectral proper orthogonal decomposition technique. For this analysis, a large eddy simulation of an under-expanded supersonic impinging jet at a pressure ratio of 3.4 and a stand-off distance of 2 jet diameters at a Reynolds number of 50,000 is performed. The mean flow fields illustrate some striking features of this flow, such as an oblique shock, a stand-off shock, a Mach disk, and a recirculation bubble. The spectral proper orthogonal decomposition method is applied to time-resolved three-dimensional flow fields. The accumulative energy of modes within each azimuthal mode number reveals that the first three azimuthal modes contain most of the energy of the flow. The spectra of these azimuthal modes show that the flow exhibits a low-ranked behaviour with discrete frequencies at the optimal symmetric azimuthal mode while other two azimuthal modes have negligible contributions in this behaviour. Three peaks are observed in the spectra of the optimal symmetric azimuthal mode. The spatial fields of the streamwise velocity and pressure of these peaks show that the complex structures are consequences of the under-expansion, Mach disk, and the impingement. Strong hydrodynamic instabilities exist in the shear layer of the jet in the optimal azimuthal mode at each of these dominant frequencies. High-amplitude acoustic waves are also present in the near-field of the jet. These acoustic waves are strong at the nozzle lip, suggesting that a feedback loop linking these two processes exists for dominant frequencies in the optimal mode. High cross-spectrum density of near-field pressure fluctuations and streamwise velocity fluctuations near the nozzle lip at these frequencies confirms the hydro-acoustic coupling, which is necessary to close the feedback loop.
Introduction
A supersonic jet impinging normally on a flat plate generates very intense tones which depend on both the jet exit flow conditions and the nozzle-to-wall distance. The interactions of these acoustic waves and flow create self-sustained oscillations. These oscillations of the flow have been observed in subsonic impinging jets, a resonance tube, an edge-tone, and a plate with a cavity [1] . The first attempt to shed light on these oscillations in supersonic jets was the experimental Schlieren study of under-expanded jets impinging on a plate by Powell [2] , in which it was observed that the disturbances were convected by the vortex in the jet shear layer and interacted directly with the impinging plate. This interaction generates acoustic waves. The upstream propagation of these acoustic waves triggers the flow at the nozzle lip and initialises a shear layer instability. This mechanism is commonly referred to as an acoustic feedback loop. Henderson and Powell [3] modified the feedback loop to include the effect of shock waves, which was neglected in their previous study [2] . The modified feedback loop is more complex as the convected disturbances interact with shock waves. This interaction results in displacements of the shock waves and the production of sound waves. These sound waves are reflected by the impinging wall and once again interact with the shock waves. The sound waves are also distorted by the shock waves. They reach the nozzle lip and close the loop by initialising shear layer instabilities. The experimental investigations by Powell [2] and Henderson and Powell [3] revealed two main acoustic wave sources. One is the shock oscillations, while the other is a vortex-wall interaction. In both mechanisms, the main parts of the feedback loop are the shear layer instabilities propagating downstream and pressure waves propagating upstream. The shear layer instabilities form unstable spatially growing hydrodynamic waves, and have been observed in previous experimental and numerical studies of free and impinging under-expanded supersonic jets [2, [4] [5] [6] [7] [8] [9] [10] . There is a common belief that the acoustic waves scattered by the nozzle lip through the receptivity process internalise as shear layer Kelvin-Helmholtz-type instabilities and form these coherent structures [2, 11, 12] . The near-field acoustic fields of these flows have also been studied experimentally [2, 4, 6, 7, 10] , where the upstream propagating acoustic waves were visualised using the Schlieren technique. What is known about the feedback loop is largely based on these observations, but the connection between the formation of the coherent structures and sound generation are not well understood. This is mainly due to lack of simultaneous measurements of acoustic and flow fields in experimental studies and a well-established post-processing technique in numerical studies.
In recent years, there has been considerable interest in data-driven techniques to reveal the characteristics of coherent structures, especially in jet flows [13] [14] [15] [16] [17] [18] . In the recent series of large eddy simulation studies of ideally expanded and under-expanded supersonic slot and round impinging jets [5, 8, 19] , the discrete Fourier transform of the near-field pressure has been used to obtain the frequencies of the acoustic tones. The predicted acoustic tones and mean flow fields were in a good agreement with the experimental and numerical study of Krothapalli [20] for the ideally expanded jets, and with the experimental results of Henderson et al. [3, 12] for the under-expanded supersonic impinging case. In the experiment of under-expanded free jets by Edgington-Mitchell et al. [10] , proper orthogonal decomposition (POD) was applied to the radial velocity field to obtain the most energetic modes. In another study of an under-expanded supersonic jet impinging on a cylindrical surface by Weightman et al. [21] , a combination of POD analysis of the flow field obtained from a (particle image velocimetry (PIV) measurement and the sound measurement by a microphone was used to explain the phase lag term in Powell's formula [2] . Dynamic mode decomposition (DMD) is a more recent data-driven approach proposed by Schmid [16] , where the flow field is decomposed into modes, with each mode having a growth/decay rate at a single frequency. A fundamental issue of POD, DMD, and Fourier decomposition is their weakness in identifying coherent structures when they have low energy or multiple frequencies [13] . More recently, spectral proper orthogonal decomposition (SPOD) was revitalised by Towne et al. [13] . SPOD is based on the original decomposition method of Lumley [22] , where the flow is decomposed into energy-ranked spatial modes at discrete frequencies. The authors presented a comprehensive study on the advantages of SPOD over other data-driven methods like POD and DMD and their connections. Note that the SPOD method of Lumley [22] has previously been applied to an experimental hot wire measurement of the velocity in the shear layer of an axisymmetric jet by Glauser et al. [23] . The authors used the decomposition method of Lumley to study the coherent structures in an axisymmetric jet, and showed that the nearly all the energy of the flow was in the first three modes. In another study by Delville et al. [24] , this approach was used to study the coherent structures in an experimental study of a plane turbulent mixing layer where the first mode was found to be dominant and it contained nearly 50% of the turbulent kinetic energy.
In this paper we use SPOD to decompose the flow field and study the coherent structures in space and time as a function of frequency. This is used to explain the forward and backward paths of the feedback loop, representing the hydrodynamic instability in the shear layer of the jet and the acoustic wave propagating in the medium, respectively. Models have been developed to predict the frequency in which these two processes are coupled. However, to the best of authors' knowledge, there is no analysis of the structure of the flow as a function of frequencies available in the literature. A large eddy simulation is performed to obtain a time-resolved flow field. The three-dimensional snapshots of the primitive variables in the entire domain are used for the purpose of SPOD analysis. The structures of the dominant frequencies in the optimal mode are presented.
The rest of the paper is organised as follows: first, the configuration, numerical method, and theory of the SPOD are briefly described. Next, the first-and second-order statistics of the flow field are presented. This is followed by the presentation of the results of SPOD analysis. Finally, concluding remarks are provided.
Configuration
The configuration is an under-expanded impinging jet with a nozzle-to-wall distance of 2d and a radial domain of 12d, where d is the jet diameter. There are N x × N r × N θ = 480 × 400 × 96 computational grid points in the large eddy simulation (LES). A uniform grid is employed in the azimuthal direction. In the axial direction, stretch grid points are used with two stretching rates. A fine grid is used near the nozzle and the impinging wall. A fine grid point is employed in the mixing layer, with a polynomial stretch of the grids towards the centre of the jet and far-field. The grid is examined carefully to make sure the resolution was adequate, especially in the shear layer and near the walls. The locations of the radial and axial grids are shown in Figure 1 for the sake of completeness. There are 80 grid points in the shear layer region of the jet, which is considered to be enough for the purposes of this study. The mean inlet axial velocity U in is specified using the hyperbolic-tangent function Ref. [25] given by
where U j is the jet inlet velocity, r j the jet inlet radius, and δ in the inlet momentum (mixing layer) thickness. The inlet momentum thickness is equal to 0.04d j in this simulation. The inlet velocity is free of any synthetic turbulence. The Reynolds number based on jet diameter and air velocity in the inlet is 50,000, the Mach number is 1.0, and the ratio between the stagnation pressure measured in the jet plenum and the ambient pressure or nozzle pressure ratio (NPR) is 3.4. The flow condition examined in this study is similar to the experimental study of Weightman et al. [21] . Only the Reynolds number differs from the experiment. An approximately order of magnitude lower Reynolds number is chosen to maintain the LES resolution requirement under acceptable computational cost [26] . The simulation is run for 200 acoustic time units (ta/d j , where t is time and a is the speed of sound) after the transient period. The 3D flow fields are stored every 0.05 acoustic time units. An instantaneous vorticity field is presented in Figure 2 which shows the configuration of this study. 
Numerical Methods
The compressible conservation equations of mass, momentum, and total energy in cylindrical coordinates are the governing equations. These equations are non-dimensionalised with respect to the ambient conditions. The filtered equations for the LES model are derived by introducing a spatial convolution defined asφ (x, t) =
where G is the filter function, ∆ the cut-off spatial scale, φ(ζ, t) an unfiltered variable, andφ(x, t) a filtered variable. The filter decomposes the flow field into a resolvable field,φ, and a subgrid-scale (SGS) field, φ , as
The Favre filtering operator, defined as ρφ =ρφ, is used to avoid the subgrid terms arising in the continuity equation. Applying this filtering, the filtered Navier-Stokes equations are expressed as:
The terms appearing on the right-hand-side of the equations are subgrid-scale terms which need closure models. The filtered deviatoric stress tensor,T, and thermal conductivity,k, are defined as:
The other relevant equations are the filtered equation of state,p =ρT/M 2 o , and the filtered sensible internal energy which results in a subgrid turbulent kinetic energy, K s , as:
The subgrid viscous terms (F VT , F VE , and F V M ) are contributions of subgrid viscosity, µ , and are assumed to be negligible. The subgrid Reynolds stress, F R , and subgrid turbulent kinetic energy, K s , are computed using Germano's dynamic model with the adjustment of Lilly [27] . The subgrid internal energy mixing, F E , is evaluated using an eddy-diffusivity model [28] .
The model developed by Mohseni and Colonius [29] is used for the treatment of the centreline numerical singularity in cylindrical coordinates. In this method, the first radial grid point is located at ∆r/2 and a transformation is required for the radial coordinate where any scalar and vector quantities of the radial axis change sign when their azimuthal location is more than π. This approach has been used in different studies, as it is accurate and simple to implement [5, 30] . In addition, an eleven-point stencil filter is required to suppress numerical fluctuations at the centreline.
No treatment is required for the supersonic inlet boundary condition, as there is no outward propagation wave. The flow at the outlet boundaries is considered to be subsonic flow. Therefore, non-reflecting outflow boundary conditions are imposed on these boundaries [31, 32] . In addition, the optimised sponge region of Mani [33] is employed near the outflow boundaries to minimise the reflections from the outflow boundaries. In the sponge regions, the flow field is forced to a self-similar solution, which was determined a priori.
In the supersonic impinging jet, the normal pressure gradient at the wall is high and the local one-dimensional inviscid relation conflicted with the physical condition on the wall [34] . Therefore, the modified Navier-Stokes equations are considered on the boundaries rather than the characteristic equations in our implementation of the wall boundary condition. There are no convective terms, as the no-slip wall boundary condition is assumed. The wall is located at a midpoint distance after the last computational grid point. For the sixth-order spatial discretisation applied here, four extra cell points are used as ghost cells where the primitive variables are evaluated using the Taylor extrapolation for these points. These ghost cells are used to evaluate declivities at the boundaries.
A sixth-order central finite difference method is applied in the smooth regions in the spatial directions, while a fifth-order weighted essentially non-oscillating (WENO) scheme with local Lax-Friedrichs flux splitting is used in the discontinuous regions. This hybrid approach relies on a sensor to determine in which regions the WENO scheme must be used. A commonly used shock sensor is that proposed by Ducros et al. [35] . In this model, the shock sensor Ψ is expressed as:
where ω is vorticity and = 10 −30 was chosen to prevent numerical divergence in the region where the flow is free of dilatation and vorticity. In addition, a threshold σ is needed to switch the WENO scheme on and off. Lo et al. [36] used a single value of 0.01 (i.e., the WENO scheme is active if Ψ i > 0.01) in their study. Another expression for the shock sensor was proposed by Larsson et al. [37] in the hybrid WENO/central scheme as:
with the WENO method being active in regions where Ψ i > 0.65. These techniques detect shock/discontinuity effectively. However, they also consider high-frequency fluctuations and critical points as shocks. In our LES simulations, it was observed that this shock sensor performed poorly by activating the WENO scheme in the entire shear layer of the jet. Therefore, a new definition for the shock sensor was developed. The new shock sensor definition is based on the smoothness definition in the WENO scheme. The most right and left smoothness parameters IS + 0 and IS − 0 are used to define a new indicator β q as:
where the pressure and density are considered as the primitive variables to define the sensor. The WENO scheme is active in the region where this indicator for any of pressure or density exceeded a threshold value of σ q , which depends on the numerical grid size. In this study, the expression for linear scaling with the grid size of C ss dx i is found as an optimal criterion, where C ss is a model constant. The temporal integration is performed using a fourth-order five-step Runge-Kutta scheme [38, 39] . The in-house-developed high-fidelity LES parallel code that implements this numerical algorithm has been tested and validated in previous studies [9, 11, [40] [41] [42] , and is used in this study to solve the spatially filtered Navier-Stokes equations with appropriate boundary conditions.
Spectral Proper Orthogonal Decomposition (SPOD)
Spectral proper orthogonal decomposition (SPOD) was first introduced by Lumley [22] . This decomposition method identifies energy-ranked modes where each oscillates at a single frequency, and has been overlooked since its inception despite its benefits over the common spatial form of POD [43] and dynamic mode decomposition [16] . There are few techniques in the literature for computing SPOD modes [13, 44, 45] . In this study, we used the procedure developed by Towne et al. [13] , as it was found to be computationally more efficient compared to others. The details of the procedure can be found in the comprehensive paper by Towne et al. [13] . However, the algorithm is outlined here for the sake of completeness.
Consider a vector q, which contains the three-dimensional spatial distribution of the flow variables at instance t k . In the configuration of this study, the flow is homogeneous with respect to the azimuthal direction. Therefore, it can be decomposed into azimuthal Fourier modes (q m ). If we assume that the flow field is available for M time instants which are equally spaced, then the dataset can be organised in a compact matrix form ofQ
which has N × M dimension where N is the number of spatial points (radial and axial) times the number of variables. The converged estimation of the cross-spectral density tensor can be obtained by averaging the spectra over multiple realizations of the flow using Welch's method. Therefore, the dataset is partitioned into smaller overlapping blocks, each of which represents an ensemble realization of the flow. These blocks are shown schematically in Figure 3 by Q m . To reduce spectral leakage, a Hanning window is used to reduce the discontinuities with a hypothetical next period. A new data matrix is formed at the k-th frequency by collecting all of the Fourier realizations of the blocksQ (m, f k ) . This is shown in Figure 3 using the same colour rectangular shapes. This yields the estimated cross-spectral density tensor at frequency f k as:Ŝ
For the particular frequency, the SPOD modes are found as the eigenvectors
, and the total energy as the corresponding eigenvalues
of the weighted cross-spectral density matrixŜ (m, f k ) aŝ
The eigenvalues are ordered from the largest to smallest. The eigenvector corresponding to the largest eigenvalue is the leading or optimal mode, and the subsequent smaller eigenvalues (i.e., lower-energy modes) are suboptimal modes at each azimuthal mode number. The total energy, E t , of the flow can be obtained by summation over all of the eigenvalues as: 
Results

Characteristics of the Flow-Field
The first-and second-order statistics of the flow field are presented in this section. Before we discuss the characteristic of the flow, to validate the present LES, the comparison of the mean streamwise velocity field (a) and twice of streamwise turbulent kinetic energy (b) with the experimental results of Weightman et al. [21] are presented in Figure 4 . With the caveat that the experimental results are for the Reynolds number of 680,000 (an order of magnitude higher than the condition of this simulation), the results are in good agreement with the experiment. The slight difference in the location of the Mach disk is considered to be due to the difference in the Reynolds number, and also the sensitivity of the mean field to inlet conditions as recently investigated by Markesteijn et al. [46] . Now moving to the discussion of the first-and second-order statistics of the flow field, contour maps of ensemble-averaged streamwise and radial velocities, as well as pressure obtained from LES are shown in Figure 5 . Figure 5a shows the mean streamwise velocity with streamlines near the nozzle exit and impingement region magnified in the rectangular sub-frames. The initial expansion of the shear layer upon exiting from the nozzle is clearly visible. There is a high level of entrainment near the nozzle at the region marked by "A" as visualised by streamlines in the zoomed sub-frame. The velocity vectors are directed perpendicularly towards the jet except very close to the nozzle lip where they move towards the nozzle and then into the jet due to the infinite lip and the no-slip boundary condition. A small Mach disk with a size of 0.1d is also observed at x/d ≈ 1.0 (marked with a "B"). The small size of the Mach disk is due to the low NPR of 3.4 [47] . Other classical features of supersonic flow, like a triple point and an oblique shock, are also visible. Upon the impingement, a recirculation bubble is formed (labelled as "C") and streamlines of the flow field highlight this phenomenon more precisely. Figure 5b shows the radial velocity contour. The triple point and oblique shock are easy to perceive in this plot. The negative mean radial velocity in the region outside of the jet confirms the entrainment. The formation of a strong wall jet at the impinging wall after the recirculation zone is evident. The mean pressure field is presented in Figure 5c . There is an excessive pressure drop before the Mach disk. There is also a high-pressure region in the impingement zone as a stagnation occurrs and a stand-off shock is formed. A streamwise modulation in all three variables is observed, similar to the modulations reported in previous experimental and numerical studies [4] [5] [6] 12, 20, [48] [49] [50] [51] . The second-order statistics are also examined. Contour maps of the mean streamwise density-weighted Reynolds stress are presented in Figure 6a , the mean radial density-weighted Reynolds stress in Figure 6b , and the mean shear stress in the streamwise-radial plane in Figure 6c . The black line is the maximum radial location of the turbulent kinetic energy within the shear layer. The Reynolds stresses have high positive values in the shear layer which is expected and they contribute to the turbulence generation. There are also local maxima at the Mach disk (triple point), stand-off shock, and the impinging wall. All three components show small variations at the oblique shock. The mean streamwise density-weighted Reynolds stress is intense in the Mach disk, while the radial component is intense close to the impinging wall. This highlights the high turbulence level in the stagnation bubble, which is also found in the vorticity field (Figure 2) . Figure 6 . Contours of (a) the mean streamwise density-weighted Reynolds stresses; (b) the mean radial density-weighted Reynolds stress; and (c) mean shear stress in the streamwise-radial plane.
Spectral Proper Orthogonal Decomposition (SPOD) Modes
SPOD modes are obtained by applying the formulation developed by Towne et al. [13] and briefly outlined in Section 4 to the time-resolved three-dimensional flow field obtained from a large eddy simulation. The LES dataset consists of 4000 three-dimensional snapshots collected every 0.05 acoustic time units. There are 512 snapshots in each block, with an overlap of 348 snapshots with a standard Hanning window to reduce the spectral leakage. This yields 26 blocks or realizations of the flow (this is interpreted as performing an experiment of the same problem 26 times at the same conditions and for a time period of 25.6 acoustic time units). The combination of 512 sequential snapshots with the 348 overlapped snapshots was found to be sufficient to capture coherent structures in this configuration. Note that the sensitivity of the findings to a higher frequency resolution by increasing the period to 51.2 acoustic time units, a higher overlapping of 448 snapshots, and a lower overlapping of 256 snapshots was performed, and no effect on the results in either the modes or the peaks in the spectra was observed. The other parameters are the domain of interest and primitive variables which vary depending on the research question. Different primitive variables have been used in previous studies of jet flows [13, 17, 45, 52] . We used the entire domain of the large eddy simulation (i.e., 0 < x/d < 2 and 0 < r/d < 12) with the primitive variables of pressure, three components of the velocity vector and density. Figure 7 shows the accumulative energy for each azimuthal mode obtained from SPOD decomposition, where the energy of each azimuthal mode is obtained by summation of energy over all temporal frequencies and blocks (see Equation (13)). The first three azimuthal modes contains more than 60% of the total energy. The leading azimuthal mode is the axisymmetric mode (m = 0) which contained 34% of the total energy, followed by azimuthal mode numbers 1 and 2 with 20% and 12% of total energy, respectively. Therefore, for the rest of the paper, only the first three azimuthal modes are considered, and the other azimuthal modes are omitted from the subsequent analysis.
The spectrum of the SPOD eigenvalues normalised by total flow energy as a function of Strouhal number for the first and second SPOD modes of the first three azimuthal mode numbers of (a) m = 0 (axisymmetric), (b) m = 1 (helical), and (c) m = 2 are shown in Figure 8 . y-axes show the normalised eigenvalues, and they have the same scaling in all subplots to facilitate the discussion. The first axisymmetric mode appears as the optimal mode with three dominant peaks in the frequency domain. A large separation between the optimal mode and the second mode is clear in the axisymmetric mode and therefore the flow exhibits a low-rank behaviour. This low-rank behaviour of the flow has a discrete frequency nature. The three dominant Strouhal numbers are 0.20, 0.45, and 0.85. Before presenting the spatial distribution of these dominant features of the flow, it is necessary to examine the convergence of the computed modes. Therefore, 75% of the dataset is used with a combination of 512 sequential snapshots with 348 overlapped to compute the spectrum. The results for the first axisymmetric mode are presented in Figure 9 using the 100% and 75% percent of the dataset to perform SPOD analysis. It is clear from this figure that the time period of LES dataset is long enough to recover the dominant structures in this configuration. Figure 10 shows the spatial field of streamwise velocity for these Strouhal numbers. Very complex interactions of spatial wavepackets emerge in all three Strouhal numbers. The wavepackets in the shear layer of the jet are connected to the structures formed at the Mach disk and the stand-off shock. There are no wavepackets in the conical region of the jet, as the flow was supersonic. For the first two Strouhal numbers, the high amplitude structures are inside the jet close to the Mach disk and the stand-off shock, as well as in the shear layer. Upon the impingement, these structures are disconnected and a separated region is formed in the wall jet. The behaviour is slightly different for high Strouhal numbers. The high-amplitude wave packets are in the shear layer of the jet and developed into wave packets in the wall jet. The wavelengths of these wave packets grow as convected in the shear layer and maximise as impinging on the wall and decay as convected in the wall jet. In all three Strouhal numbers, there are weak structures in the region of 3 < r/d < 6. The dominant frequencies of the optimal mode obtained from SPOD appear to have similar spatial structures to the most energetic (POD) modes of the under-expanded jets of Weightman et al. [51] . However, the advantage of the analysis in the present study is that it reveals the Strouhal numbers (i.e., frequencies) of these spatial modes which were not directly available from POD. It is noted that POD modes are contributions from many SPOD modes at different frequencies [13] . It is commonly assumed that the expansion coefficients are uncorrelated at different times, and therefore that the frequency contents of the modes are available from these expansion coefficients. However, this assumption is not valid [13] . The two high frequencies obtained by SPOD appear as sub-harmonics of the fundamental frequency. The interaction between a wave and its sub-harmonic in free jets and shear layer produces a sub-harmonic component. This sub-harmonic component may excite the jet depending on its phase, and initiates a subharmonic resonance [53] . The subharmonic growth in the shear layer and vortex pairing depends on the phase difference [54] . If there is no external excitation, the random jitter in the pairing location prevents the periodic pairings and results in a broadband spectrum. However, in this under-expanded supersonic impinging jet, the complex interactions of vortex-oblique shock and vortex-wall impose acoustic forces on the system, which does not exist in free subsonic round jets and subsonic impinging jets with no external excitation. The effect of external excitations on the flow structure of a subsonic impinging jet with Reynolds number of 10,000 was studied experimentally by Vejrazka et al. [55] . The results showed that the jet was sensitive to simultaneous excitation at two frequencies: fundamental and its sub-harmonic. This simultaneous excitation results in variations in size, strength, and convection velocity of the individual vortices, which is consistent with the observation of complex structures in this study.
The near-field acoustic structures of these Strouhal numbers are considered now. The spatial pressure fields of the axisymmetric azimuthal mode for different Strouhal numbers of (a) St = 0.20, (b) 0.45, and (c) 0.85 are presented in Figure 11 . The pressure contour maps show a very complex behaviour in the region confined by the shear layer, Mach disk, and the impinging wall. This complexity makes the physical interpretation of the behaviour in this region difficult. However, the high level of fluctuations in this region shows the dominant roles of the Mach disk, the shock waves, and the flow-wall interaction in this flow configuration. Moving to the near-field pressure outside of the jet, there are footprints of the waves initiated at the impingement or in the wall jet. There are also signs of strong pressure waves near the nozzle lip. There is just one caveat, that the pressure field inside of the plume of the jet does not have a pure acoustic nature. However, in the under-expanded jet of this study, the supersonic line which forms a cone prevents any acoustic waves from reaching the nozzle lip, and the only mechanism by which acoustic waves can reach the nozzle lip is propagation in outside of this region. These simultaneous observations of the spatial distribution of hydrodynamic wave packets in the shear layer and the impingement and acoustic waves in the near field of the jet and specifically at the impinging region and close to the nozzle lip confirm the presence of some form of feedback loop in each frequency for the optimal mode. To further elaborate on the feedback loop, the cross-spectrum density of the streamwise velocity fluctuations at the nozzle lip and near-field pressure is examined. The pressure fluctuations are sampled at locations on an arch with a radius of 1d as shown schematically in Figure 12 . Note that the vorticity is negligible in these locations, as can be seen in Figure 2a , where the logarithm of vorticity magnitude is presented. Therefore, pressures at these sampling locations are assumed to have acoustic nature with a good approximation. The cross-spectrum density of the streamwise velocity fluctuations near the nozzle lip and the near-field pressure fluctuations at sample points is shown in Figure 12b . There is a high cross-spectrum density of the velocity fluctuations, and the near-field pressure fluctuations at the dominant frequencies obtained from SPOD decomposition, which further clarifies the presence of a feedback loop. 
Conclusions
The spectral proper orthogonal technique is used to study coherent structures in an under-expanded supersonic impinging jet. A time-resolved LES of an under-expanded supersonic impinging jet is first performed. The first-and second-order statistics of the flow field are presented. The accumulative energy obtained from SPOD in each azimuthal mode show that the first three azimuthal modes contain more than 60% of the total energy. However, the spectra show that the axisymmetric mode is the leading mode. SPOD reveals that the flow has a low-ranked behaviour and the first azimuthal mode is the optimal mode. There are also dominant discrete frequencies in this optimal mode which has Strouhal numbers of 0.2, 0.45, and 0.85. The spatial fields of the streamwise velocity and the pressure of these discrete frequencies are presented. The complex interactions of the wave packets with oblique shocks, Mach disk, and stand-off shock are observed. The impingement also altered the wave packets, which is clearer when the wave packets of the jet were disconnected from the wall jet at low Strouhal number (i.e., St = 0.2).
This analysis show that unlike the wave packets in the subsonic and supersonic free jets of Schmidt et al. [56] , the wave packets are more complex and convoluted. They form a Kelvin-Helmholtz wave packet type in the shear layer of the jet and appear more evident at high Strouhal numbers.
However, in contrast to free jets in the under-expanded supersonic impinging jet, they are connected to the Mach disk and stand-off shock.
The more striking result is the connection between the acoustic waves and shear layer instabilities. Both of these quantities show high amplitude for the optimal mode at dominant Strouhal numbers. The hydrodynamic instabilities are identified in the shear layer of the jet as Kelvin-Helmholtz wave packets and in the near-field of the jet as acoustic waves. The high amplitude of the pressure wave in the vicinity of the nozzle lip for each dominant frequency of the optimal mode show the connection between hydrodynamic and acoustic wave packets, which identified a feedback loop in each of these dominant frequencies of the optimal mode.
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